Solution and testing of the Abraham- Minkowski controversy of light-atom interacting system 
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We present the origin of the Abraham-Minkowski controversy of light-matter wave interacting system, which 
is a special case of the centaury-old Abraham-Minkowski controversy. We solve the controversy of laser-atom 
interacting case and find that for systems with perfect atomic spatial coherence, the systems prefer to show 
Minkowski momentum and canonical momentum for the atoms and light, respectively; while for the systems 
where the atoms are spatially incoherent, the momenta of light and atoms would choose the Abraham and 
kinetic forms. The provement of our solution can be realized with current techniques, using three-dimensional 
optical lattices and electromagnetically-induced absorption (EIA) to distinguish the kinetic and canonical recoil 
momentum of ultra-cold atoms. 
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The Abraham-Minkowski controversy IS a centaury- 
old problem which focuses on the momentum of light in op- 
tical media. Minkowski states that it is J(D x B)dV - riHko 
lUtl, while Abraham argues that it should be J(E x H/c^)dV - 
hko/n |@], with ko the wave vector of light in vacuum and 
n the refractive-index of the medium. A recent experiment 
measuring the recoil momentum of ultra-cold atoms supports 
Minkowski's view |7], while another experiment measuring 
the recoil momentum of silica filaments prefers Abraham's 
one m\. Recently, Barnett resolved the long-standing prob- 
lem 1131, and demonstrated that the Abraham momentum is 
indeed the kinetic momentum of light which equals to hko/rig 
where «g is the group refractive-index of the medium, while 
the Minkowski momentum is indeed the canonical momentum 
of the light which equals to n^^ko with Hp the phase refractive- 
index of the medium. 

Barnett's resolution shows that the unique total momentum 
P of the light-optical medium interacting system can be ex- 
pressed in two different combinations |9- 111 



P = Pk + P 



Abr 



Pc + P 



Min; 



(1) 



where Pk and Pc are the kinetic and canonical momenta of the 
optical medium, respectively; PAbr and Pmih are the Abraham 
and Minkowski momenta of the light 191. Although the form 
of the Abraham and Minkowski momenta of light is fixed, the 
reason why the system chooses the combination Pk + Pxbr in 
some cases while Pc + Puin in other cases is still unknown. 

In this paper, we consider the special case in which the op- 
tical medium can be described by a matter wave. We present 
the origin of the Abraham-Minkowski controversy of light- 
matter wave interacting systems, and solve it in the light-atom 
case for the first time. Our solution answers the most essen- 
tial question that why the light-atom interacting system shows 
Pc + PiMiii in some cases, while Pk + PAbr in other cases. We 
design an experiment to prove the solution by measuring both 
the recoil Pc and Pk of ultra-cold '^^Rb atoms in a single setup, 
which is more advanced than previous experiments in which 



each setup can only measure either recoil Pc or Pk of the op- 
tical media. 

Origin of the Abraham-Minkowski controversy of light- 
matter wave interacting system. A free matter wave, which 
could be a charged particle, an atom, or a pure Bose-Einstein 
condensate (BEC), has only one unique momentum Po = ^k. 
There is no difference between its Pc and the Pk and thus no 
Abraham-Minkowski controversy for it. However, when the 
interaction with light is involved, controversy appears. For 
a charged particle coupling with an electromagnetic field, its 
kinetic momentum is Pk = Pc - eh, with Pc is its canoni- 
cal momentum and A is the vector potential of the light. The 
Hamiltonian can be written 



//= ^(Pc - eA)2c2 + mff* + eO, 



(2) 



where O is the scalar potential of the light. 

Eq. (IS) shows that the charged particle couples the four- 
potential (A, €)) of the light by momentum part -eA and en- 
ergy part eO. Pc acts as the particle's "free" momentum and 
Pk acts as its "dressed" momentum. Since the total energy of 
the light-particle interacting system is equal to Eq. (|2]i plus the 
"free" energy of light j(e()E^ +B^/yUo), the total momentum of 
the system needs the "free" momentum of the light, which is 
just the Abraham momentum PAbr of the light IT^fTsIl . There- 
fore the unique total momentum of the system is 



P = Pc - eA + P 



Abr- 



(3) 
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The Minkowski momentum of light Pmiii here is apparently 
PAbr - eA. From Eq. (O we can see whether to write the 
unique total momentum P as Pk -H PAbr or as Pc -H PMin, de- 
pends on whether adding the coupling momentum -eA to Pc 
to form Pk, or to PAbr to form Pmui- This directly induces the 
Abraham-Minkowski controversy of the light-particle inter- 
acting system. It should be emphasized that Pc of the charged 
particle and PAbr of the light are not equal to their unperturbed 
values in free space. The reason is that when the quantiza- 
tion is made in the light-particle interacting system, the mo- 
mentum eigenvalues of the charged particle and light are not 
the same as their unperturbed ones in free space. In quan- 
tum theory, Pc and Pmiu are associated with wavelength and 
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considered as the wave-like limit of the system, while Pk and 
PAbr are associated with kinetic energy and considered as the 
particle-like limit of the system ifiolllill . Therefore, we seek 
to study the condition in which the system prefers to show 
its total momentum as Pc + Pmiii or P^ + PAbr to solve the 
controversy, and find available experimental schemes to test 
our solution. However, the light-particle interacting system 
is incapable to do this, because only the unperturbed charged 
particle and photon status can be detected for the initial and fi- 
nal states of the S-matrix in quantum electrodynamics (QED). 
Fortunately, for an light-atom interacting system, things are 
different. 

Solution of the Abraham-Minkowski controversy of light- 
atom interacting systems. In a light-atom interacting system, 
the interaction between atoms and light is usually treated un- 
der electric dipole approximation (EDA), where the coupling 
between the atoms and the magnetic field of the light is ne- 
glected = and the scale of the atom is much less than 
the wavelength of the light. Therefore, B = /igH in such sys- 
tem. The Abraham tenser = contains no informa- 

c- lAac- 

tion about the interaction with the atomic degree of freedom, 
and refers to the Abraham momentum of the light. The other 
tensor, D x B, which contains both the matter and the light 
degrees of freedom, refers to the Minkowski momentum of 
light. In fact, the Abraham momentum of light PAbr in light- 
atom interacting system becomes fiko/n^ 19]; the Minkowski 
momentum of the light Pmih here is equal to hkon^/ng for a 
single photon 13, and eventually equals to nphko after the 
summation of all polariton modes |9]. Since np is associated 
with the real part of the electric susceptibility Re[x] by ifisll 

nl = £yu/(£oyUo) = 1 + ^jrRelx], (4) 

the single-photon's PMin can be written 

t^Min - = l^Abr H • Pj 

ng ng 

Here, the second term is the interaction momentum of the sys- 
tem, which differentiates Pmih and PAbr of the light |13], as 
well as Pc and P^ of the atom. This is in good agreement with 
Eq.O. 

The status of an atom can be described by a composite wave 
function ifrtp, where ip and (p represent the wave functions of its 
external and internal degrees of freedom, respectively. For an 
atom interacting with a coherent light, the wave property of its 
external motion and internal electric dipole is well conserved 
in their evolutions, seen from the optical Bloch equations, and 
the atom will show its Pc which can be obtained directly from 

PciA = -ifiVi// = PciA- (6) 

Conversely, the kinetic momentum operator Pk, which in- 
cludes the interaction momentum term, does not have eigen- 
values when acting on ilf(p, then Pk is not measurable. There- 
fore, it has been proved in many works that the system will 
show Pc + PMin with Pmiii = "p^ko 1 12, 16-18]. The case for a 
coherent macroscopic atomic matter wave is similar, since iff(f 
of each atom has the same phase difference according to the 



coherent light. The total canonical momentum of the macro- 
scopic matter wave can be obtained as Pc - Npc with the 
number of atoms and pc the canonical momentum of each 
atom. A pure Bose-Einstein condensate can be described as 
a macroscopic matter wave, whose recoil Pc can be measured 
precisely due to its ultra-cold temperature. This is the reason 
why Ketterle's group has observed Pc +PMin when EEC is op- 
tically pumped and trapped as a coherent macroscopic matter 
wave 1 7]. 

When the external motion of the atoms is spatially inco- 
herent, things become very different. The atoms have space- 
dependent random phase differences (p(x) between their exter- 
nal motion and the coherent light (usually laser), which will be 
multiplied on the composite wave function of the atoms. For 

incoherent atoms interacting with a coherent light, with the 
ith atom having a random phase difference 0,(x) to the light, 
the composite wave function of the atoms can be written 

N 

>I'=f]e'*(-'V,-^/. (7) 

We can see that ^' is not the eigenfunction of the canonical 
momentum operator Pc - -iTiV any more due to an addi- 
tional spatial random term YIi d(pi(x)ldx appears. Therefore 
Pc can not be observed and measured. However, (^/(jc) is time- 
independent, which makes the unperturbed Hamiltonian oper- 
ator H() acting on 'I' still have the eigenvalue as 

N . 

Here pk, and m, are the kinetic momentum and proper mass 
of the ith atom. The external motion of incoherent atoms is 
closed to its classical limit and the value of is also equal 
to its classical value, which is the kinetic energy of the atomic 
cloud. Here one can still obtain the total kinetic momentum 
of the atoms Pk = 2f Pk, from the classical value of Hq by 
Eq.®, and detect it classically from the center-of-mass mo- 
tion of the atomic cloud. The system will show Pk + PAbr 
with PAbr - hko/ng. This is the reason why in many experi- 
ments with a laser pulse propagating though hot or room tem- 
perature atomic vapor, only the group velocity of light, that 
corresponding to the Pk of atoms can be observed. 

Experimental setup. Fig. [T] shows the experimental setup 
we designed to test our solution. When the ^''Rb EEC is adi- 
abatically loaded into optical lattices, the system can be de- 
scribed by the Eose-Hubbard model |19]. The ratio between 
on-site interaction potential U and tunneling potential J de- 
termines the ground state of the system. When U/J « 0, the 
ground state is superfluid state described by a macroscopic 
wave functions, which is suitable to observe Pc + Piviin 01 • 
When U/J » 1, the ground state is Mott-insulator state, 
where the atomic number of each lattice site is fixed but the 
phase of the matter wave on each lattice site is uncertain i20ll . 
Although the short-range phase coherence(among several lat- 
tice sites) is still maintained ll2lll . however,the matter wave's 
long-range phase coherence is collapsed 119]. Since the Mott- 
insulator state is as cold as EEC and the spatial coherence of 
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FIG. 1. (color online) Experimental setup measuring the recoil mo- 
mentum of ultra-cold **^Rb atoms by electromagnetically-induced ab- 
sorption (EIA). The strong linearly polarized pump beam (ko,cjo) 
propagates along the x direction and the circularly polarized weak 
probe beam (ki,aji) propagates along the y direction. At the bottom 
is the image of atoms' free diffusion delayed by Af after EIA. Re- 
gion 1 is the pattern of atoms that do not participate in EIA. Region 
2 is the pattern of the atoms that obtain a recoil canonical momen- 
tum, and region 3 is the pattern of the atoms that obtain a recoil 
kinetic momentum. Pi = fiki is the free momentum of the probe 
light, while n,, and iig are the phase and group refractive index of the 
atoms, respectively. 



the atomic clould is a long range phase coherence, this state is 
suitable for observing Pk + PAbr- 

We choose electromagnetically-induced absorption (EIA) 
ll22ll to make the ultra-cold atoms get recoil momentum from 
the refracted photons immediately after the optical lattice field 
is turn off. The atomic density can reach up to > lO'^/cm^ 
in red detuning lattices which can provide a good optical 
thickness. Fig. |2] shows the absorption and dispersion curves 
of EIA, where the EIA signal is a sharp absorption signal 
whose width is much naiTower than the natural width of the 
'^^Rb's D2 line (E = 6.056 MHz). Since Im[x] is propor- 
tional to the absorption strength and Re[x] is proportional to 
(n^ - 1), the EIA signal has a strong anomalous dispersion 
range {d[np(aj)]/dcL) < 0) due to Kramers-Kronig relation, 
which can make d[np(tij)]/dLj ^ -6x 10""/Hz 12311 . 

The ultra-cold ^^Rb atoms are originally trapped in a three- 
dimensional optical lattice. The pump and probe laser beams 
for EIA are just set under the optical lattices. The light inten- 
sity of the pump beam is around SOmW/cm^, and that of the 
probe beam is < Q.lmW/cm^. The two beams are vertical to 
each other to make sure each beam contributes independently 
to the atomic recoil momentum. The atoms get recoil momen- 
tum in y direction only by absorbing refracted photons from 
the probe beam, and recoiled in x direction only by absorbing 
refracted photons from the pump beam. The spots of the two 
beams should be > Q.Smtrp- to make the atoms stay for long 
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FIG. 2. (color online) Absorption (blue) and dispersion (red) 
curves of electromagnetically-induced absorption (EIA) obtained 
from Kramers-Kronig relation, Iinlx] and respectively, aio 

is the frequency of the strong pump light and a>[ is the frequency of 
the weak probe light. The EIA happens when coi is close to a>o, and 
the absorption peak is just at a>i = a>o. The width of the anomalous 
dispersion range is equal to the full-width-at-half-maximum 7 of the 
absorption profile. 



enough time (> lOms) for the EIA process. The detunings of 
the two beams should be 5 - 10 times larger than F to main- 
tain the signal strength while avoid D2 line resonant absorp- 
tion. With an external magnetic field along the y direction, the 
pump beam is linear polarized in this direction and the probe 
beam is circular polarized in order to enhance the EIA pro- 
cess, because EIA will be enhanced when the transition type 
induced by pump and probe beam are not same |24]. With this 
system, we design two sub-experiments to measure the recoil 
momentum of both spatially coherent and incoherent atoms. 

1) The ultra-cold '^^Rb atoms are initially trapped in 
3D optical lattices in superfluid state. The pump laser 
beams ((ko,(yo) are continuous-waves with a narrow width 
(< lOOkHz). The probe laser (ki,wi) is a lOyU^ pulse and 
is detuned out of the anomalous dispersion range of EIA. At 
f = 0, the optical lattices are switched off and the ^^Rb atoms 
fall into the intersecting region of the pump and probe beams.. 
The time-sequence should be controlled very well to make the 
probe pulse just encounter the ^^Rb atoms at this moment. 
After Af, the image of free diffusion will demonstrate that 
some ^^Rb atoms acquire a recoil momentum Pc - rtpicoi )hki 
along the y direction. These atoms will be observed in re- 
gion 2 of Fig.[Tl because the coherent probe light propagates 
in the coherent matter wave with the Minkowski momentum 
np{cL>])tiki. This sub-experiment functions in the wave-like 
limit of light-atom interacting system, and the system will 
present Pc + Puin- 

2) The ultra-cold ^^Rb atoms are initially trapped in 3D 
optical lattice in Mott-insulator state. The pump laser 
beams ((ko,wo) are continuous-waves with a narrow width 
(< lOOkHz). The probe laser (ki,fa;i) is a 10/ii pulse. At 
t - Q, the optical lattices are switched off and the ^^Rb atoms 
fall into the pump beam. The time-sequence should be con- 
trolled very well to make the probe pulse just encounter the 
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FIG. 3. (color online) The recoil momentum of cold *^Rb atoms. 
The red line is the recoil canonical momentum which is equal to the 
Minkowski momentum of the probe light, while the blue line is the 
recoil kinetic momentum that is equal to the Abraham momentum of 
the probe light. The width of electromagnetically-induced absorption 
(EIA) signal y is set as 1 .0 MHz, and the strength of the signal is set 
as half of the '*'Rb F = 2 — > F = 3 absorption strength. 5 = - o^o 
is the detuning between pump and probe light. Near the two peaks of 
Hp, we can see l/n^ has very large positive or negative values, which 
may make the distance between region 3 and region 1 much larger 
than that between region 2 and region 1 in Fig.[T] 



^^Rb atoms at this moment. After Af, the image of free diffu- 
sion will demonstrate that some ^^Rb atoms get a recoil mo- 
mentum Pii = ^ki/ng(wi) along the y direction; because the 
probe pulse propagates in the incoherent ultra-cold atomic en- 
semble with the Abraham momentum Ski/«g(dLii). When the 
frequency of the probe light is within the anomalous disper- 
sion range, ng{oj\) can be negative due to the dispersive rela- 
tion 



dnp(jx)\) 

nJoji) - n„((yi) + wi < 0. 

dciJi 



(9) 



If << 1 (see Fig.O, a large positive or negative re- 



coil Pk can be observed with the recoil atoms appearing in 
region 3 of Fig. [1] This sub-experiment can be considered as 
the particle-like limit of light-atom interacting system and the 
system will exhibit Pk + PAbr- 

An advantage of ultra-cold quantum gas is the well control- 
lability of the matter wave coherence. It enables the observa- 
tion of the interaction between macroscopic matter-wave and 
light, where both matter and light can be coherent to make 
Pc + PMin possible to be observed. In solid or liquid opti- 
cal media, things becomes very complicated. Since such con- 
densed matter can not present macroscopic coherence as ultra- 
cold quantum gas, only Pk + PAbr can be measured from their 
final recoil momenta |8]. However, in the solid or liquid opti- 
cal media where the electrons are spatially coherent in a wide 
range, the momentum of light may be close to the Minkowski 
form llzsll . This topic is beyond the content of this article, and 
we hope quantum simulations with ultra-cold atoms in 3D op- 
tical lattices may give some insights to it in the future. 

In summary, we find that the Abraham-Minkowski contro- 
versy of the light-matter wave interacting system comes from 
whether the coupling momentum is added on the canonical 
momentum of the matter wave to form its kinetic momentum, 
or added on the Abraham momentum of the light to form its 
Minkowski momentum. The spatial coherence of atoms can 
determine whether the light-atom interacting system chooses 
canonical momentum for the atoms and Minkowski momen- 
tum for the light, or chooses kinetic momentum for the atoms 
and Abraham momentum for the Ught. This is the reason of 
the Abraham-Minkowski controversy in light-atom interact- 
ing systems. Finally, a very realizable experiment is proposed 
to prove our solution by measuring the recoil momentum of 
the ultra-cold '^^Rb atoms. Our work enlightens the deep rela- 
tionship between the momenta and spatial coherence of atoms 
in the light-atom interacting system. It is useful for future 
atomic interferometers, cold atom clock, and other precision 
measurements with cold atoms, where the precise values of 
the momenta of atoms and light are both required. 
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